Abstract. We study invariant Einstein metrics on the Stiefel manifold V k R n ∼ = SO(n)/ SO(n − k) of all orthonormal k-frames in R n . The isotropy representation of this homogeneous space contains equivalent summands, so a complete description of G-invariant metrics is not easy. In this paper we view the manifold V2pR n as total space over a classical generalized flag manifolds with two isotropy summands and prove for 2 ≤ p ≤ 2 5 n−1 it admits at least four invariant Einstein metrics determined by Ad(U(p) × SO(n − 2p))-invariant scalar products. Two of the metrics are Jensen's metrics and the other two are new Einstein metrics. The Einstein equation reduces to a parametric system of polynomial equations, which we study by combining Gröbner bases and geometrical arguments.
Introduction
A Riemannian metric g on a manifold M is called Einstein if the Ricci tensor is a constant multiple of the metric, i.e. Ric g = c · g for some c ∈ R. In this case the Riemannian manifold (M, g) is called Einstein. The Einstein equation is a non linear second order system of partial differential equations and the general existence results are difficult to obtain. We refer to [Be] and [Wa1] , [Wa2] for old and new results on homogeneous Einstein manifolds. The structure of the set of invariant Einstein metrics on a given homogeneous space is still not very well understood in general. The situation is only clear for few classes of homogeneous spaces, such as isotropy irreducible homogeneous spaces, low dimensional examples, certain flag manifolds. For an arbitrary compact homogeneous space G/H it is not clear if the set of invariant Einstein metrics (up to isometry and up to scaling) is finite or not. A finiteness conjecture states that this set is in fact finite if the isotropy representation of G/H consists of pairwise inequivalent irreducible subrepresentations ( [BöWaZi] ). In [ArDzNi1] the authors introduced a method for proving existence of homogeneous Einstein metrics by assuming additional symmetries. In [St] a systematic and organized description of such metrics is presented.
In the present article we are interested for invariant Einstein metrics on homogeneous spaces G/H whose isotropy representation is decomposed into a sum of irreducible but possibly equivalent summands. Typical examples of such homogeneous spaces are the (real) Stiefel manifolds. These are the homogeneous spaces V k R n ∼ = SO(n)/ SO(n − k), which are diffeomorphic to the set of orthonormal k-frames in R n . The simplest cases are the sphere S n−1 ∼ = SO(n)/ SO(n − 1) and the compact Lie group V n R n ∼ = SO(n).
Since a complete description of G-invariant metrics on such spaces (and in turn computation of Ricci tensor) is not easy, a helpful approach is the following (cf [ArDzNi1] ). We can choose a closed subgroup K of G such that H ⊂ K ⊂ N G (H) and search for Ad(K)-invariant scalar products on T o (G/H), which correspond to a subset of all G-invariant metrics on G/H, called Ad(K)-invariant metrics. The benefit is that these metrics could be diagonal, hence search for Einstein metrics among them. To this end we can consider appropriate fibrations of G/H over some homogeneous space G/K whose isotropy representation is decomposed into non equivalent summands.
Concerning history, in [Ko] S. Kobayashi proved existence of an invariant Einstein metric on the unit tangent bundle T 1 S n = SO(n)/ SO(n − 2). In [Sa] A. Sagle proved that the Stiefel manifolds V k R n = SO(n)/ SO(n − k) admit at least one homogeneous Einstein metric. For k ≥ 3 G. Jensen in [Je] found a second metric. If n = 3 the Lie group SO(3) admits a unique Einstein metric. For n ≥ 5 A. Back and W.Y. Hsiang in [BaHs] proved that SO(n)/ SO(n − 2) admits exactly one homogeneous Einstein metric. The same result was obtained by M. Kerr in [Ke] by proving that the diagonal metrics are the only invariant metrics on V 2 R n (see also [Ar2] , [AbKo] ). The Stiefel manifold SO(4)/ SO(2) admits exactly two invariant Einstein metrics ( [AlDoFe] ). One is Jensen's metric and the other one is the product metric on S 3 × S 2 .
In [ArDzNi1] the first author, V.V. Dzhepko and Yu. G. Nikonorov proved that for s > 1 and ℓ > k ≥ 3 the Stiefel manifold SO(sk+ℓ)/ SO(ℓ) admits at least four SO(sk+ℓ)×(SO(k)) s -invariant Einstein metrics, two of which are Jensen's metrics.
In [ArSaSt1] the authors used fibrations of Stiefel manifolds over the generalized Wallach spaces SO(k 1 + k 2 + k 3 )/ SO(k 3 ) and proved the following: The Stiefel manifolds V 4 R n = SO(n)/ SO(n − 4) (n ≥ 6) admit at least four invariant Einstein metrics. Two are Jensen's metrics and the other two are new metrics. The Stiefel manifold V 5 R 7 = SO(7)/ SO(2) admits at least six invariant Einstein metrics. Two are Jensen's metrics and the other four are new metrics. A generalization of this result for V 5 R n = SO(n)/ SO(n − 5) (n ≥ 7) was given by the first author in [Ar3] .
For an overview about invariant Einstein metrics on quaternionic and complex Stiefel manifolds we refer to [ArSaSt3] and [ArSaSt2] respectively.
In the present paper we obtain new invariant Einstein metrics on the Stiefel manifolds (A) V 2p R 2ℓ and (B) V 2p R 2ℓ+1 . In case (A) we view the Stiefel manifold as total space over the generalized flag manifold D ℓ (p) = SO(2ℓ)/ U(p) × SO(2(ℓ − p)) and for the case (B) we take the generalized flag manifold B ℓ (p) = SO(2ℓ + 1)/ U(p) × SO(2(ℓ − p) + 1). The main result is the following:
Theorem. For 2 ≤ p ≤ 2 5 n − 1, the Stiefel manifold V 2p R n = SO(n)/ SO(n − 2p) admits at least four invariant Einstein metrics which are determined by Ad(U(p) × SO(n − 2p))-invariant scalar products. Two of these metrics are Jensen's metrics and the other two are different from Jensen's metrics. The idea of our approach is the following. The isotropy representation of the Stiefel manifolds G/H = SO(n)/ SO(n−2p) contains equivalent subrepresentations, hence a description of all SO(n)-invariant metrics is not easy (cf. Section 3). These metrics correspond to Ad(H)-invariant scalar products on the tangent space m of G/H at the identity coset eH. We choose an appropriate closed subgroup K of G such that H ⊂ K ⊂ N G (H), the normalizer of H in G, and search for SO(n)-invariant metrics that correspond to Ad(K)-invariant scalar products on m (cf. Section 2). The benefit of such metrics is that they are diagonal metrics on the homogeneous G/H, hence computation of Ricci tensor simplifies (cf. Section 3).
Next, it is well known that the Einstein equation for a homogeneous space reduces to an algebraic system of equations. In our case we obtain a parametric system of three polynomial equations with three unknowns u 0 , u 1 , u 2 (cf. (10)), and we need to prove existence of positive solutions. Furthermore, we need to distinguish the solutions detected, from the solutions that correspond to Jensen's Einstein metrics. In fact, these known solutions confirm that out computations are right. The proof of this algebraic claim is based on an analysis of the parametric system of algebraic equations based on computations with Gröbner bases, by making appropriate choice of lexicographic ordering for the variables (cf. Section 4).
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A special class of G-invariant metrics on G/H and the Ricci tensor Let G be a compact Lie group and H a closed subgroup so that G acts transitively on the homogeneous space G/H. Then the homogeneous space G/H is reductive, because we can take m = g ⊥ where Ad(H)m ⊂ m with respect to an Ad-invariant scalar product on g. So the Lie algebra g can be written as g = h ⊕ m. The tangent space of G/H at the o = eH ∈ G/H is canonically identified with m. For a compact semisimple Lie group G the negative of the Killing form B of g is an Ad(G)-invariant scalar product, therefore we can choose the above decomposition with respect to this form. A Riemannian metric g on G/H is called G-invariant if the diffeomorphism τ α : G/H → G/H, τ α (gH) = αgH is an isometry. We denote by M G the set of all G-invariant metrics. Any such a metric is to one-to-one correspondence with an Ad(H)-invariant scalar product ·, · on m and is considered as a point of fixed points (
In the special case where H = {e} then N G (H) = G, thus the fixed points (M G ) Φ are the Ad(G)-invariant scalar products on g. These correspond to the bi-invariant metrics on the Lie group G. The isotropy representation χ : H → Aut(m) of the reductive homogeneous space G/H coincides with the restriction of the adjoint representation of H on m. We assume that χ decompose into a direct sum of irreducible subrepresentation χ ∼ = χ 1 ⊕ · · · ⊕ χ s , so the tangent space splits into a direct sum of Ad(H)-invariant subspaces
In this case the G-invariant metrics are determined by the diagonal Ad(H)-invariant scalar products of the form
where x i ∈ R + . If some of the subrepresentations χ i are equivalent then decomposition (1) is not unique. Hence the Ad(H)-invariant scalar product is not necessary diagonal. For this case we can choose a closed subgroup K of G such that H ⊂ K ⊂ N G (H) and search for Ad(K)-invariant scalar products on m which correspond to the fixed points (M G ) Φ K which is a subset of M G , sometimes also called Ad(K)-invariant metrics. The benefit of such metrics is that they are diagonal metrics on the homogeneous space. The next proposition gives a possible way to choose such a subgroup K of G.
Now we describe the Ricci tensor for the diagonal metrics of the form (2). Every G-invariant symmetric covariant 2-tensor on G/H are of the same form as the Riemannian metrics (although they are not necessarly positive definite). In particular, the Ricci tensor r of a G-invariant Riemannian metric on G/H is of the same form (2), that is
Let {e α } be a (−B)-orthonormal basis adapted to the decomposition of m, i.e. e α ∈ m i for some i, and α < β if i < j. We put A 
2 , where the sum is taken over all indices α, β, γ with e α ∈ m i , e β ∈ m j , e γ ∈ m k (cf. [WaZi] ). Then the positive numbers A ijk are independent of the (−B)-orthonormal bases chosen for m i , m j , m k , and
Then we have the following:
The components r 1 , . . . , r s of the Ricci tensor r of the metric ·, · of the form (2) on G/H are given by
where the sum is taken over i, j = 1, . . . , s.
Since by assumption the submodules m i , m j in the decomposition (1) are mutually non equivalent for any i = j, it is r(m i , m j ) = 0 whenever i = j. Thus by Lemma 2.2 it follows that G-invariant Einstein metrics on M = G/H are exactly the positive real solutions g = (x 1 , . . . , x s ) ∈ R s + of the polynomial system {r 1 = λ, r 2 = λ, . . . , r s = λ}, where λ ∈ R + is the Einstein constant.
The Stiefel manifolds
Then with respect to −B the subspace m may be identified with the set of matrices of the form
in so(n), where D k ∈ so(k) and A is an k ×(n−k) real matrix. Let E ab denote the n×n matrix with 1 at the (ab)-entry and 0 elsewhere. Then the set
Note that e ba = −e ab , thus we have the following:
Lemma 3.1. If all four indices are distinct, then the Lie brakets in B are zero. Otherwise, [e ab , e bc ] = e ac , where a, b, c are distinct.
where
where the first k 2 Ad(H)-submodules are 1-dimensional and the rest k Ad(H)-submodules are (n − k)-dimensional. Observe that the decomposition (4) contains equivalent summands so a complete description of all G-invariant metrics associated to decomposition (5) is rather hard.
3.1. Stiefel manifolds as total spaces over generalized flag manifolds. Recall that generalized flag manifolds whose isotropy representation has two irreducible summands were classified in [ArCh] and [Oh] . Here we will use the generalized flag manifolds M = G/K = B ℓ (m) = SO(2ℓ + 1)/ U(ℓ − m) × SO(2m + 1), and D ℓ (m) = SO(2ℓ)/ U(ℓ − m) × SO(2m), with two isotropy summands p 1 , p 2 . We will use these spaces to study the Stiefel manifolds V 2m+1 R 2ℓ+1 and V 2m R 2ℓ . The painted Dynkin diagrams of these flag manifolds M = G/K are defined by a pair (Π, Π K ), such that Π \ Π K = {α i 0 } with ht(α i 0 ) = 2 for some simple root α i 0 . Here Π = {α 1 , . . . , α ℓ } (dim(h C ) = ℓ) is a basis of simple roots of G, Π K ⊂ Π and ht(α j ) is the Dynkin mark of a simple root α j . For more details see ([Ar1] ).
We set p = ℓ − m and the above information is presented in the following table:
We consider the fibrations
For both cases the tangent space m of the Stiefel manifold (total space) can be written as follows
where p 1 ⊕p 2 is the tangent space of generalized flag manifold. We know that the Lie algebra u(p) of U(p) is written as h 0 ⊕h 1 where h 0 is the center of u(p) and h 1 = su(p). We set n = 2ℓ or 2ℓ+1. Then the tangent space m decomposes into mutually non equivalent irreducible Ad(U(p) × SO(n − 2p))-submodules
We consider G-invariant metrics on Stiefel manifold defined by the Ad(U(p)× SO(n − 2p))-invariant scalar products on m given by
. It easy to see that the following relations hold:
3.2. The Ricci tensor for metrics corresponding to scalar products (6). From (7) 
.
By using the above lemma, we obtain the components of the Ricci tensor for the metric (6) give as follows:
Proposition 3.3. The components of the Ricci tensor r for the invariant metric ·, · on Stiefel manifold G/H defined by (6) are given as follows:
,
The metric of the form (6) is Einstein if and only if the system of equations
has positive solutions.
Einstein metrics on Stiefel manifolds
In this section we study the Einstein metrics on Stiefel manifolds when these are total space over the flag manifolds by solving the system of equations (9).
Theorem 4.1. For 2 ≤ p ≤ 2 5 n − 1, the Stiefel manifold V 2p R n = SO(n)/ SO(n − 2p) admits at least four invariant Einstein metrics which are determined by the Ad(U(p) × SO(n − 2p))-invariant scalar products. Two of the metrics are Jensen's metrics and the other two are different from Jensen's metrics.
. After normalizing with u 3 = 1, the system of equations (9) becomes
We consider a polynomial ring R = Q[n, p][z, u 0 , u 1 , u 2 ] and an ideal J generated by {f 1 , f 2 , f 3 , z u 0 u 1 u 2 − 1} to find non zero solutions of equation (10). We take the lexicographic order > with z > u 0 > u 1 > u 2 for a monomial ordering on R. Then, by an aid of computer, we see that a Gröbner basis for the ideal J contains the polynomial (2(p − 1)u 2 2 − 2(n − 2)u 2 + n − 1)G n,p (u 2 ), where
If 2(p − 1)u 2 2 − 2(n − 2)u 2 + n − 1 = 0, we obtain Jensen's Einstein metrics. Note that the polynomial G n,p (u 2 ) can be expressed as
From the above expression we see that if the equation G n,p (u 2 ) = 0 has real solutions, then these are positive for 2 ≤ p ≤ n/2. Now we take the lexicographic order > with z > u 1 > u 2 > u 0 for a monomial ordering on R. Then, by the aid of computer, we see that a Gröbner basis for the ideal J contains the polynomial (u 0 − 1)H n,p (u 0 ) where We see that F 31,13 (u 1 ) = 0 has no real roots, but F 31,12 (u 1 ) = 0 has two positive roots. Finally, we observe that the argument to show that, if the equations H n,p (u 0 ) = 0 and G n,p (u 2 ) = 0 have real solutions then these are positive, does not work for F n,p (u 1 ) = 0. This is because F n,p (u 1 ) has positive coefficients in odd degrees.
